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FACTOR ANALYSES WERE APPLIED TO TABLES OF
INTERCORRELATIONS ORIGINALLY COMPUTED FOR 11 GROUPS OF NINTH
GRADERS (NORTHERN AND SOUTHERN NEGRO AND WHITE, PUERTO RICAN,
MEXICAN, INDIAN, AND ORIENTAL-AMERICAN) ON FIVE ACHIEVEMENT
MEASURES USED SY COLEMAN AND OTHERS IN THE EDUCATIONAL
OPPORTUNITIES SURVEY. THE PURPOSE OF THE FACTOR ANALYSIS WAS
TO DETERMINE WHETHER THE FIVE TESTS-- NONVERBAL ABILITY,
VERBAL ABILITY, READING COMPREHENSION, MATHEMATICS
ACHIEVEMENT, AND GENERAL INFORMATION- -HAD ENOUGH IN COMMON IN
WHAT THEY WERE MEASURING TO BE COMBINED INTO ONE SCORE--AN
"INDEX OF ACHIEVEMENT" SCORE. IN ORDER TO MEET THE
REQUIREMENTS FOR COMBINING THE FIVE SCORES INTO ONE, TWO
REQUIREMENTS OF THE FACTOR ANALYSIS WERE ESSENTIAL--(1) THAT
THE FIVE MEASURES WERE MEASURING TO A HIGH DEGREE ONLY ONE
THING IN COMMON (WHICH WOULD BE SHOWN IF THE FACTOR ANALYSIS
FOUND HIGH VALUES FOR THE FIRST FACTOR EXTRACTED), AND (2)
THAT WHEN "FIRST FACTORS" WERE. COMPUTED FOR EACH OF 10
SUBGROUPS, THESE FIRST FACTORS WOULD NOT DEVIATE FROM THE
FIRST FACTOR EXTRACTED FROM THE TOTAL GROUP. THE RESULTS OF
11 FACTOR ANALYSES INDICATED THAT BOTH OF THESE REQUIREMENTS
WERE MET, AND THEREFORE THE NUMBERS OF THE FIRST FACTOR OF
THE TOTAL GROUP: COULD BE EMPLOYED AS "WEIGHTS" TO MULTIPLY
EACH INDIVIDUAL'S SCORE ON EACH OF THE FIVE MEASURES FROM THE
COLEMAN STUDY SO THAT THEY MIGHT BE COMBINED (ADDED) TO FORM
ONE INDEX OF ACHIEVEMENT SCORE. THE WEIGHTS FOR THE FIVE
TESTS ARE-NON-VERBAL (.76), VERBAL (.92), READING
COMPREHENSION (.87) , MATHEMATICAL ACHIEVEMENT (.85), AND
GENERAL INFORMATION (.91). (WT)
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FACTOR ANALYSES OF ACRIEVEIENT MEASURES
FROM TIE EDUCATIONAL OPPORTUNITIES SURVEY

Statement of the _Problem

The recently completed Educational Opportunities Surrey (Coleman
et al. 1966, see page 8 for the full reference) obtained a large number
of measures of the attributes of students, their home backgrounds, their
teachers, principals and superintendents, and of their community. The
objective of current analyses of the Educational Opportunities Survey
(hereafter referred to as (EOS) data) is to reduce this large number of
measures to a smaller number of basic indexes and then conduct complex
analyses of these indexes to determine which combinations facilitate
educational achievement. Accordingly, it was first desired to obtain
an index of achievement from the five EOS achievement measures.

Factor analysis was considered to be a useful tool for index
development. This technique analyzes what is common to a set of mea-
sures and attempts to reduce them to a more basic and less numerous .,

set of factors. The commonness among a set of measures is usually ex-
pressed by the use of covariances or correlation coefficients. When
the correlations are high the measures are said to assess similar or
common attributes. A factor is a hypothetical variable which is in-
troduced to account for these correlations. The end result of a
factor analysis is a set of one or more factors where each measure has
a weight (or loading) for each factor to indicate the extent of its
relationship to that factor. These factors when multiplied together,
will reproduce the correlation coefficients to some desired degree of
accuracy. The weights or loadings can be used to combine the measures
into an index by multiplying each personte score on each measure by
the weight for that measure. The five measures from the EOS are:

1. Non-Verbal Ability
2. Verbal Ability
3. Reading Comprehension

4. Mathematics Achievement
5. General Information Total

The reader is referred to the EOS report (Coleman et al. 1966) for
a full description of these measures and examples of items from each.

Description of the Analytical Techniaues

The intercorrelations of the above measures for different ethnic,
racial and regional groups were available from the published EOS data
and files. In order to expedite the development of the achievement in-
dex which was needed for subsequent analyses it was decided to compute
the factors using a desk calculator.
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The analyses were primarily concerned with what tho measures had
in common. Thus, the relation of each measure with the first factor
(commonly called factor loadings) was of major interest, If the meas-
ure!: all related (loaded) highly with the first factor then a single
achievement index would suffice. If some measures had low loadings
with the first factor then a second factor and hence a second achieve-
ment index might be required. In addition, if the measures relate
quite differently with the first factor for different racial or re-
gional groups then the same set of weights could not be applied to the
measures for these different groups to obtain an achievement index.
In this case a slightly different technique would be required.

When a computer is readily available the principal component met-
hod of factor extraction is the moat preferred technique. This is so
because this technique has the most desirable mathematical properties,
that is, it maximizes the amount of variance taken out with each factor
and hence takes out the largest factor first, then the next largest,
etc. For desk calculator techniques the centroid method of factor ex-
traction is widely used as an approximation to the principal component
method because it is computationally simpler.

The Relationship of the First Principal Cononent to the First Centroid
of a Correlation Matrix with Positive Manifold

Let R be an n th order symmetric matrix of correlation ccoefficients.
Positive manifold is said to exist when all of the coefficients are
non-negative. Under these conditions we are interested in using the
first centroid of the correlation matrix as an approximation to the first
principal component. The following comparisons are based upon, derivations
taken from Horst,a book entitled "The Factor Analysis of Data Matrices"
(see page 8).

Let U be an n.th order column vector with unit elements. Then the
first centroid factor is given by:

(1) F = RU where UT designates the transpose of U.

U RU

The principal component method extracts the maximum amount of
variance for each successive factor by iterating a solution for each
factor until the magnitude of the factor weights reach a plateau, that
is, until the factor weights for each measure do not differ by more
than a small prespecified amount from one iteration to the next. The
formula for the i th iteration is:

(2) Fh = Ri V where V denotes an arbitrary vector
of initial weights.

v
T
R2 - 1 V



Since V is arbitrary, let it equal U, the unit colt= vector. Then
the formula becomes:

(3)
=

3

Clearly, for the initial iteration (1) and (3) are identical.
.

For further iterations they differ according to differences in higher
powers of the R matrix. Empirically, the weights for the measures
tend to be higher for the principal component than for the centroid
method. However, this effect is not uniform for each measure.

Analyses and Results bar IbLoial. Ethnic and Regional Groups

Centroid factors were computed for the following ninth grade
groups:

1. Total ninth grade (TN)
2. Mexican-American (MA}
3. Puerto-Ricans (PR)
4. Indian-Americans (IA)
5. Oriental-Americans (OA)
6. Total. Negro ninth grade (N total)
7. Total White ninth grade total)
8. Negro North (N North)
9. Negro South (N South)

10. White North (W North)
11. White South (W South)

The means, standard deviations, intercorrelatione and first cen-
troids for each group are given in Tables 3 through 13 in Appendix A.
The data for groups 2 through 11 were obtained from the EOS Supplemental
Appendix. The data for group 1 was taken from EOS files.

In addition to the first centroid the first principal component
was computed for group 1 to cheek on the accuracy of the centroid as
an approximation to it. These computations are given in Appendix B.
The first principal component converged after tvo iterations. It is
presented in Table 1 with the centroid factors for each group.

Inspection of the first two columns of Table 1 shows that the
first principal component and the first centroid are almost identical.
The main difference is in the non-verbal measure which is very slightly
more highly related to the centroid than the principal component. Thus
the first centroid has given a very close approximation.
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The maximum value that a loading or weight can have is 1.00.
Table 1 shows that the measures all have high loadings on the first
factor. Hence a single index of achievement is all that is required
to represent the inter-relationships among the achievement measures.

Inspection of the other group factors shows that the relative
ordering of the measures on each factor as well as their absolute
level are highly consistent. The relative pattern in descending
order with only slight deviations, is: Verbal; General Information;
Reading Comprehension; Methematics,and Non-verbal. The absolute de-
viation of the principal component factor loading from the centroid
factor loading for each group is given in Table.2. These values are
obtained by taking the difference, without regard to sign, between
the loadings in column 1 and each of the remaining columns (starting
with column MA) in Table 1. Thus the entry for the first row and
column in Table 2 is obtained by taking the difference between .76
from raw 1 and column 1 of Table 1 and .80 from row 1 and column 3
of Table 1.
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Mathematics Achievement shows the greatest average deviation and
General Information the next largest deviation from the principal com-
ponent. The groups that show the greatest average deviation are
Northern and Southern Negroes. These decrepancies are determined
largely by Mathematics Achievement which tends to load slightly less
with the first factor for these groups than for the others. These
differences are not appreciable and do not alter the relative order-
ing of the measures on the factor. Hence, a single weighting system
can be used to obtain an achievement index for these different groups.

Therefore, it is decided to use the factor loadings from the first
principal component of the "Total" matrix as the weights to obtain this
index. These weights are:

Non - verbal .76
Verbal .92
Readg. Comp. .87
Math. itch. .85
Genil. Info. .91
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APPENDIX A

Group Means*, Standard 'Deviations and Intercorre.lations

*The means for measures 1 and 5 are in raw score form whereas those
for measures 2, 3 and 4 are scale values.



1

2

3*

4*

5*

1

2

3*

4*

5*

1

TABLE 3

Intercorrelations, Means, and Standard Deviations
for the Total Group Grade 9.

WAN

10

STD .

.6039 .5900 .6158 .5955. 36.3820 8.9923,1.0000

.7670 .6894 .8500 50.6914 15.2527406039 ,1.0000

.5900 .7670, 1.0000 '.6522 .7282 57.1647 18.4632

.6158 .6894 .6522 1.0000 .7058 45.0229 15.1320

.5955 .8500 .7282 .7058_ 1.0000 50.0566 15.8975

TABLE 4

Intercorrelations, Means, and Standard Deviations
for Mexican-Americans Grade 9

5 S.

1.00o0 .6121 .5921 .5914 .6015 31.7365 10.0525

.6121, 1.0000 .7111 .6237, .7918 41.9519 13.5295

5.21 .7111 1.0000 611- 680 1 18 1 08

.5914 .6237 .6119 1.0000, .6395 37.0561_ 15.5670

.6015 .7918 .6807 .6395. 1.0000 /0.2244 13.9311

*Measures 3, 4 and 5 appear as variable numbers.



TABLE 5

Intercorrelations Means, and Standard Deviations
for Puerto Ricans Grade 9

1 5 ME DE

1.0000 .5311 .5687
I

.5262 _ .4.592 30.6022 10.2599 i

.5311,1.0000 .7163 .5454, 0797 38.6336 31.322

.5687 .7163 1,0000 .5504 .6611 42.6623 17.2668

.5262 .5454 .5504 1,0000 .5824. 32.7753 15.1201

, .4592 .7797 .61,13_L5121"W.0

TABLE 6

Intercorrelations, Means, and Standard Deviations
for Indian-Americans Grade 9

1.0000

.4788

.5401

.4928

.4788

1.0000

7260

.5834

.5401

,7260

1.0000

928

.5834

..4869

.8092

.5732 .7131

.5732 1.0000 .6124,

33.9188 9.3535

43.3427 13.7061

49.2725 16. Q029

38.1914 14.0336

.486



TABLE 7

Intercorrelatione, Means, and Standard Deviations
for Oriental- Americans Grade 9

2 3 5

1.0000 .5698 .6186 .6693 .6203 38.2663 9.4696

.5698 1.0000 .7141 .6767 .8295 50!4940 14.4194

.6186 .7141 1.0000 .6802 .6789 57.6727 1.8.14471

. 6693 .6767 . 6802 1.0000 .6860 .47.6386 16.2217

....1f2(12-5261e.--Agt---5....2333...iu---01 0000 0 6 1 1100

TABLE 8

Interoorrelations, Means, and Standard Deviations for
Negro Total Grade 9

1 2

1.0000 . 02 . 10 2 1 0.2161 061

12:5450.54.02 1.0000 .7002 .5483 .7905 38.150,3

k .5102 .7002 1.0000

1 0000

, 6
1*

_.

IIM
16 71

1 :128

.5139 .7905 .6656 .5519 I 1.0000 36.8132 12.3747
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2

3

4

5

1

2

3

4

5

TABLE 9

Intercorrelations, Means, and Standard Deviations for
White Total Grade 9

1 2 5 WAN STD. Dr/.
i

0 0 38.1820 7.8596

.5360 1.0000 .7321 .6326 .840 54.4202 Uk.0159

.5307 .7321 1.0000 .6143 .6807 61.0122 17.2630

.5760 .6326 .6143 1.0000 .6724 48.2141 13.9261

.5290 _ .8210 .6807 .6724. 1.0000 . 54.0855 _ 14..6347

TABLE 10

Intercorrelations, Means, and Standard Deviations for
Negro North Grade 9

1 2 3 WAN STD. DEV.

1.0000
I

.4808 .4702 .4863, .4779

.

32.5059 9.1105

.4808 1.0000 .6760, .5542 .7876 40.8533 12.5671

.4702 .6760 1.0000 .5114 .6541 47.0518 16.4675

.4863 .5542 .5114 1.0000 .5671 36.0067 13.7755

.4779 .7876 .6541_ .5671 1.0000 38.9957 12.8352



TABLE 11

Intercorrelatione, Means, and Standard Deviations
for Negro South Grade 9

2 5 WAN

14

STD. DEV._ . .

1,0000 .5526 .5177 .4877 . .5152 27.9363, 9.9114

.....153263 2F511L27..._1.7782 5441 28
.5177 .7084 1.0000 .5026 .6609 .2.0534, 16.1083,

.5281 .5026 1.4tri,J_Li821(2.
. 3. 2 .75i6Mt1 2g11.1.0000 Lga. 11t4222.,_.

TABLE 12

Interoorrelations, Deana, and Standard Deviations
for White North Grade 9

i
1.0000 20 .5216 160 38.9167 7.4753

.5204 ,1.0000 .7296 .6567 .8235 55.4182 13.8927

.5216, .7296 1.0000 .6094 .6763 61.7639 17,19624

.57541 .6567 .6094 1.0000 .6749 49.0418 13.V12

3,.... -6JI)L__.224...ia2,-..-1.0000 33.--.42000.0 7 -682
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2

3

4

5

1

TABLE 13

Intercorrelations, Moans, and Standard Deviations
for White South Grade 9

2 4 5 MAN

;

15

STD. DEV
I

1.0000 .5485 .5426 .5668 .5406 36.4978 8.4383

.5485 1.0000 .7336 .6326 .8092 52.1322 14.0947

.5426 .7336 1.0000 ,6191 .6856 59,3891 17.2922,

.5668 .6326 .6191 1.0000 .6562 46.3165 13.6339

.5406 I .8092 .6836 .6562 1.0000 51.8615 14.2775
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APPENDIX B

16

Factor Iterations and Convergence Criteria for the First Principal
Component.


